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A STUDY OF SEVERAL PARAMETERS CONTROLLING THE TRAJECTORIES OF A
SUPERSONIC ANTIATRCRAFTT MISSILE POWERED WITH SOLID- OR LIQUID-FUEL ROCKETS

By Ralph F. Huntsberger
SUMMARY

The trajectories for a supersonic antisircraft missile were calcu-
lated by a step-by-step integration method for a number of different comn-
ditions. The effects of changing drag, initial thrust ratio (ratio of
initiel thrust to initial gross Weights, and. weight ratio (ratio of ini-
tial gross weight to welght after all fuel has burned), which are the
principal varlables controlling the trajectory for a fixed launching
angle, were investigated. The results of the analysis indicated that:

(1) The rate of change of range and altitude of the missile would beccme
increassingly favorable with reduction of drag; (2) in genersl, there
would be an optimum initial thrust ratio giving maximum range or altitude;
above this optimm value the range and altitude would decrease because of
the large smount of energy expended in overcoming drag at low altitudes;
and (3) increase of the weight ratio of the missile,within the limits in-
vestigated, would improve the range and sltitude obtainable with fuel of
a given specific impulse.

INTRODUCTION

The design of & supersonic self-propelled missile presents many
problems in the fields of asrodynamics and thermodynamics upon which very
little work has been done. Among these problems is that of calculating
the performance of such & missile and how it will be affected by changes
in the aerodynamic and power characteristics. This problem has many ram-
ifications, but its simplest form is that of determining the zero-lift
trajectory of the missile when launched from the ground undexr a given
get of initial conditions. Since, for a missile of thls type the designer
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is chiefly interested in the rate of climb, maximum altitude obtainable,
and range, the determination of the trajectory can serve as a gulde o
the performance of the missile in these respects. While it i1s recognized
that 1ift forces will alter the performance of the mlssile, especially
the range at low altitudes, the complexity of any enalysis which includes
lift forces becomes so great that for the preliminary study presented in
this paper these forces have been neglected.

The zero-lift trajectory of e missile is dependent upon the drag of the
miselle, the lawnching engle, the welght and the type of fuel carried,
and the initial acceleration. The welght of the fuel can be conveniently
expressged by the ratio of initisl gross weight to the welght after all
the fuel has burned (weight ratio). The initisl acceleration is given by
the ratio of thrust to initial gross weight (initial thrust ratio) where
the thrust is determined by the thermodynamic properties of the fuel and
the rate at which the fuel burms.

Since the drag of & misslile will be a functiom of both its size and
shape, no general analysis of missile itrajectories 1ls possible. Hovever,
1f the drag characteristice of a partlcular missile 'are speclfied, it is
then possible to study the effects of changing the other parasmsters which
affect the btrajectorles.

For the purpose of such a giudy a design was chosen which was amen-
able to anaelysis within the present limited scope of knowlsdge concern-
ing supersonic esrodynamics. It was assumed that, except for lifting
wings to give higher normal accelerations and shorter turning radii, the
deslgn selected would be typlcal of a supersonic antialrcraft missile
for operation at sltitudes below 50,000 feet. From bthe avallable types
of power plants (rocket, ram-Jjet, and turbo-jet) rocket power wee se-
lected because 1ts operation could be most completely divorced from the
aerodynaemics of the misgile. Also, the rocket was the only type of power
plant cepable of delivering sufficilent thrust to give & very high rate of
¢limb.

The drag and power characteristics for the missile were determined
primarily from theoretlical consideratlons except in the case of solld-
fuel rockets for which gome data on thiust were avallable.

The trajectories of the missile with both solid- and liquid-fuel
rocket power and fixed values of welght and initlal thrust ratios were
calculated for meveral launching angles and for drag values ranging from
zero to twice the values estimated from supersonic assrodynamic theory.
The effects on the trajectories of varying initial thrust ratio were ds-
termined for sach type of rocket power congidered, and in the case of
the migsile with solid-fuel kets.. : was made of the effect of
varying the weight ratio. oy




NACA RM No. 6G22 ~ 3

A theéorstical analysis was carried out for the case of a missile
with zero drag fired vertically, and the results were compared with those
obtained from & step-by-step solution of the equations of motion for the
missile with normal drag.

COEFFICIENTS AND SYMBOLS
The following coefficients and symbols have been used in the pre-

gentation of the analysils and results:

I gpecific impulse of fuel, pounds per pound per second <I = %)

W
A welght ratic of missile (ﬁ )

B initial thrust ratio (%)

Cp dveg coefficienmt <_v-]§)—)
where ﬁé_ >
D drag, pounds
Sp frontal area, square fest
T thrust, pounds
v veloclty, feet per second
Wo initial gross weight, pounds
W1 weight after fuel has burned, pounds
K rate of fuel consumption, pounds per second
P a.izj density, slugs per cubic foot
In addition, the following symbols have been used:
! altitude, feet
E; altitude at end of power flight, feet

X horizontal distance, feet
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M Meach nuwber - - -
Vi veloclty at end of power flight, feet per second
W veight at any tims, pounds

Wy  fuel welght, pounds

& gravitational acceleration, feet per second per second

t time, geconds

t1 time at which all fuel hus been burned, seconds

e angle between tangent to flight path and horizontal, degrees
6o launching angle, degrees

g1 angle at end of power flight, degrees

74 retio of specific heat at constant pressure to that al constant vol-
ume (1.22 for products of combustion)

R gas constent, feet per degree Ranklne

Tj Jet temperature, degrees Rankine
Py  fuel-tank pressure, pounds per square inch

PJ Jet exhaust pressure, pounds per square inch

METHODS OF ARATYSIS

The flight of rocket-propelled missiles consists of motion in two
regimes. In the first regime, thrust is created by burning the fuel and
thus the welght continuously decreases with time. After the fuel has
been exhausted the weight remeins constant and the missile enters the
second regime (cossting flight) in which the thrust is zero. If the .
curveture of the earth is neglected the force system controlling the
complete trajectory of such & miesile may be represented ag shown in fig-
ure 1. The equations of motion which determine this trajectory are:

ML G 1%
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T gin6 +Dsagin 6 + W + W §E§ =0 (1a)
g at2
TcosG+Dcose+T’-‘-’q'-2—§=0 (1b)

g dt

where the thrust, drag, weight, and flight-path direction will, in gen-
eral, be functions of the time. In the second regime of flight, these
equations reduce to:

Dein 6 + W W, o7 0 (22)
+ Fo— — = 8
® 17 g a2
X 2
Dcose+‘ﬁd-i-}2-=0 (2v)
g 4t

No direct analytical solution of these equations is possible; however,
e shep-by-step solution can be used to yileld approximate trajectories.
The method is qulte lgboricus but no other has been found which allows
congideration of all varlables.

To simplify the analysis the assunphtlon can be msde that, during
the powered flight, the thrust has a constant value which ig glven by
the equation

T = IK . (3)

The assumption does not give a completely rigorous result because the
specific impulse increases with a reduction of the pressure at which
the rocket gases exhaust and thus will be higher at high altitudes.
However, for the cases which are comsidered, the change in altitude dur-
ing the power flight 1s generally less than 20,000 feet which would re-
sult in less than a 10-percent increase in specific lmpulse.

Aggumption of & constant thrust poxrmlts expression of the welght
during the power flight by the equation

W =Wy - Kb (%)

The drag is given by the equation
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D=CDQV-;SF' (5) ”

where
2 a
- (E) (@
at at

and the insbanbanscous flight-path direction is given by the equation

tane=§_§+d.% (6)

The relationships given in equations (3) to (6) permit solution of
equations (1) and (2).

Trajectorieg for launching avgles from 30O to vertical were calcu- .
lated from the foregoing equatlions by assuming the values of drag coeffl-
cient, welght, flight-path direction, and Mach number to remain constant
over short time incremente. Initially, calculations were carrled out to .
determine the trajectories of the missile powered with elther solid ox
liguld fuels and an inltial thrust ratio of 11.12. These calculations
were based on the normel drag of the missile, shown in figure 2, as es-
timated from references 1, 2, and 3, and on the characteristics of the
atmosphere taken from NACA tables (reference 4) to an altitude of 80,000
feet and from reference 5 above this height.

In order to study the effects of incresasing or decreasing the es-
timeted normal dreg, trejectories were calculated for drag values of O,
50, 150, and 200 percent of the normal velue as shown In figure 2. Again,
these calculations were mede for an initial thrust ratio of 11.12 and
both types of rocket fuel.

The effect of varying the thrust ratio wag studied by calculating
the trajectories of the misgsile with constant welight, normal drag, and
both types of rocket fuel for values of the initial thrust ratio of 2.78
and 5.56. The results of these calculations were compared with those
‘obtained for an initisl thrust ratio of 11l.12.

The variation of weight ratio was studled for the migsile powered
with solid rocket fuel by assuming the camnister weight could be reduced
to allow sufficient fuel to be carried to give weight ratios of 2.0 and
2,5 for the same total missile weight. Trajectories, calculated for
these weight ratios, were compared with those obtained from calculations
for the actual estimated weight ratio of 1.53. These calculations were
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made for initial thrust ratios of 2.78, 5.56, and 11.12. All calculaticns
for the misslle powersd with liquid rocket fuel were made for the esti-
mated weight ratio of 1.86.

The trajectory of a missile without drag has been considered in the
appendix, and a solution glving meximum altitude has heen obtained for a
migsile fired vertically.

DESCRIFTION OF MISSILE

General Description

The missile which was aessumed to be typlcal of a supersonic ailrcraft
Interceptor is shown In figure 3. Control in pitch and yaw could be ob-
tained by rotating the appropriate tail surfaces, or a hinged portion
thereof, about a spanwise axis. Roll stabilization would be afforded by
gyro operation of the control surfaces. The turning radius of this mis-
slle would be limited by the 1ift which could be devsloped by the body.

The missile design chosen included a 200-pound wer head and control
equipment welghing 150 pounds. The remainder of the internal volume was
congumed. by structural members, fuel cevnisters or tanks, fuel, and ex-
haust nozzle. The internel volume fixed the emount of fuel, either golid
or liqulid, which could be carried. Thus, a comparison was afforded be-
tween solid- and liquid-fuel rocket power for a missile of fixed extsrnal
gize and configuration.

Misgile with Solid-Fuel Rocket Power

The initial gross weight of the misells with solld-fuel rocket power
was. 2500 pounds of which 500 pounds were structurs, controls, and war
head. The ratio of fuel weight to cannister weight was assumed to be
0,77 walch was the average for three Monsanto rockets now in production.
Upon the basis of this assumption 870 pounds were fuel and 1130 pounds
were camnister and nozzle. The specific impulse of the solid fuel was
aessumed to be 160 pounds per pound per second, which was the average
value for the three rockets previously mentioned.

Migsile with Liquid-Fuel Rocket Power

The initial gross welght of the missile with gesolline fuel and -
liquid oxygen was 1100 pounds. Of this weight 475 pounds were structure,
controls, end war head; 25 pounds were a tank of compressed nitrogen for
supplying fuel system pressure; 113 pounds were gasoline; 397 pounds Were
oxygen; and 90 pounds were tanks and noczzle.
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The weights of gasgoline and oxygen wersd based on & chemically cor-
rect mixture. The available intermal volume fixed the size of fuel and
oxygen tunks. The gasoline tanks were wire-wrapped spheres. The oxygen
tanks were of standerd Army Air Force design constructed of stainless
gt?el to withstand the low temperature of liquid oxygen. (See refercnce

The specific impulse for the ligquid fuel was taken from the curves
of figures 4, 5, and 6. Figure 4 presents the variation of gross weight
of the missile and specific impulse of the fuel with the pressure within
fuel and oxygen containers. This pressure was assumed equal to the com-
bustion chamber pressure. The values of specific impulse were calculated
from the following egquation derived from information given in reference 7T:

7J'l
P 7
I = 1 ?Z.ﬂgggg[(;£?> J - 1]
g 7J -1 PJ

For the calculations the Jet-exheuvst stagnation temperaturs was assumed
to be 7000o Reukine. The values obtained from these calculations were
arbitrarily reduced by 10 percent for practical application.

Figure 5 gives the variation of tank pressure and specific impulse
with weight ratic. PFigure 6 presents the results of calculations of the
altitude the missile with zero drag would reach if Ffired vertically for
the relation between specific impulse and weight ratio glven in Ffigure 5.
These calculations, based on equation (21) in the appendix, indicated
that a specific impulse of 220 pounde per pound per second would give
nearly the maximum altitude for all values of the initiel thrust ratio
(retio of thrust to initial gross weight) considered and this value was
selected. It was assumed that the optimun conditions obtained for zero
drag would also apply to a missile fired in air. The corresponding
tank pressure wes 310 psi. -

RESULTS AND DISCUSSION

Effects of Drag

Trajectories.- The calculated trajectories for the missile with
normal drag end both solid-fuel and ligquild-fuel rocket power are glven in
figure 7 for a ratio of initial thrust to initial gross weight (initial
thrust retio) of 11.12 which was used throughout the study of the effects
of drag on performance. Curves giving typical varlation of Mach number
along the trajectories are shown in figure 8. The trajectories for esach
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type of power plant had approximately the same shape at the same launch-
ing angle; however, the missile with liguid-fuel rocket power traversed
& much greater dlstence in each cese. Similar trajectories wers obtained
from calculations for the missile with the drag assumed at 0, 50, 150,
and 200 percent of the normal valus for each Mach number. These trajec-
togies are given for each type of powsr plant and a %aunching angle of

60" in figure 9. For launching angles other than 60 the trajectories
maintalined the same relationships with respect to both drag and type of
power plant.

The trajectories for launching angles near the vertical closely ap-
proximated parabolic shapes because in traversing the upper stmosphere
the drag of the missile was 1l ag a result of the low alr density.

For launching angles below 60 +the effect of drag was to decrease rapidly
‘the horizontal veloclity component in gliding flight and the resulhting
trajectories departed from parsbolic shapes by having steeper slopes over
thelr descending portions. This result is apparent ln figure 7 for the
missile with normal drag. Imnspection of figure 9 reveals that, for a
given launching angle, lncreases in the drag ceuwsed progressively laxrgex
. departures of the trajectories from the parabolic form.

Maximm range.- The calculated trajectories for the missile with
each assumed varistion of drag coefficient with Mach number yielded the
results which are summarized in figure 10 for solild-fuel power and in
figure 11 for liquid-fuel power. The maximum renge with normal drag and
solid-fuel power was found to be 14.3 miles as compared to 24.0 miles
with liquid-fuel power. The increase of range in the latter instance
was attributed to the increase of the ratio of initial gross weight to
welght after all fuel has burned (weight ratio) and to the higher spe-
cific impulge of the liguid fuel. The effect of increasing the drag from
zoro to twice its normsl value was to reduce conslderably the range.
Also, 1n the case of the missile with solid-fuel power, increase of drag
caused a small Increase in the launching angle required to give & maximm
rangs. In the case of the misslile with liquid-fuel power the launching
angle for maximum range flirst increased and then decreased as the drag
was progressively increased. The apparent discrepancy in the variation
of launching angle wilth increase of drag for the same missile but with
different types of power was attributed to the fact that the missile with
liquid-fuel power attained approximately twice the Mach number attalned
with solid-fuel power; this would place the major portion of its flight
gt Mach numbers where ths drag characteristics would be different from
those for the missile with solid-fuel power, since the drag coefficient
varied with Mach number.

The maximum range of the miseile ag a function of the percentage of
normnl drag is glven in figure 12 for each type of power plant. In each
case Increase of drag reduced the maximum range; however, the greatest
reduction occurred ag the drag was increased from zero to ite normal
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value. Obviously the range would decrease asymphtotlcally to zero as the
drag was infinitely lpcreased. The percentege reduction in rungs from
the value for zero drag was 45 percent for the missile with solid-fuel
povwer and normal drag charscteristics, while it was T6 percent for the
cage of liguld-fuel power. The larger reductlon in the latter case can
be explained by consideration of the energy components which detexrmine
the trajectory of a given missile.

Since the missiles under comparison had the seme external dimensions,
their drags at & given Mach number would be the same, but the kinetic
energy- of the heavier missile (solid fuel) would be greater than that of
the lighter missile (liquid fuel). Thus the energy expended in overcomirg
drag would be a smaller percentage of the total avallable energy in the
cage of the heavier missile, and increase or decrease of drag by a given
emoun’ wovld have less effsct on the heavier missile at a given Mach num-
ber. Although the lighter missile attained higher velocities, thereby
increasing its kineblc energy, the drag was increased in approximately
the same proportion so that in gll caeses consgidered for the lighter mis-
sile, the energy required to overcome dreg was a larger fraction of the
total enexgy aveilable.

The results presented in figure 12 slso indicate that decreasing
the dreg would Increase the range in such & menner that the rate of change
of range would become iIncreagingly favorable with reduction of drag. This
result was found to be true for the missile with either type of power
plant.

Maximum altitude.— The variation of meximum altitude attained with
launching angle is presented in figure 13 for solid-fuel power and in
figure 14 for liquid-fuel power. As with range, the effect of drag was
to reduce the altitude attained as the drag was increased. The effect
was greatest for vertical lsunching end decreased with launching angle.
Increasing the drag from zero to its normal value had more effect on re-
ducing the sltitude than did increases above the normal value. These re-
sults were consistent with the effects of drag on range, since the pri-
mayy effect of drag weas to alter the trajectory.

Effects of Initial Thrust Ratio

Trajectories.- The trajectories for the missile with each type of
pover plant and normal drag were calculeted for two additional ratlos of
thrust to initiasl gross weight (initial thrust ratio). (This parameter
gives the initial acceleraetion which the missile would have in horizontal
flight in units of g.) These trajectories had the same general shape
characterlgtlics ag thoge for the thrust ratio of 11.12 previously men-

tioned.
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Maximum range.- The trajectory calculstions for different initial
thrust ratios yielded the range as a function of launching angle accord-
ing to the curves of figure 15. These results were obtalned for the mis-
slle with each type of power. For the heavier missile with solid-fuel
power the range increased slightly with increase of the initial thrust
ratio, while the reverse was tiue for the lighter missile with liquid-
fuel power. This paradoxical result can be explained by consideration
of energy compounents as beforse.

The largest mlssile veloclty and therefore greatest kinetic energy
wes attalred with the highest value of the initisl acceleration (or ini-
tial thrust ratio). If no drag were present it could be shown that this
would lead to the greatest range for the missile. The same result would
be true if the energy expended in overcoming the drag were & small per-
centage of the total energy. However, a pcint would be reached, as was
the case for the misgile with liquid-fuel power, where the energy ex-
panded 1ln overcoming drag at the higher velocitles would become so large
a fractlion of the total avallable energy that the range of the missile
would be decreased by increasing the value of the initial thrust ratio.

The lsunching angle for maximum range was found to increase as the
valus of the thrust rabio decreased. This result was true for each type
of power plant. From the study of projectiles 1t is well known that the
meximm range is atbtained in a vacuum 1f the proJjectile is fired from
the ground at an angle of l|-5°. For the missile carrying its cwn pro-
pelling charge this is no longer true. It can be shown that the angle
to glve a meximum renge for the coasting flight of such a misgile in a
vecuurt is given withlin 1 percent by the formula

O Ay o

hgH,
V.2

provided that

< 0.30

Since the angle for meximum range is less than )-1-50, this would indicate
that the launching angle would decrease as the altitude at the end of the
power flight increased. However, the launching angle does not dscrease
because the flight path under power ls alwaye concave downward due to the
gravitational attraction. Also, as the time of the power flight to a
given altitude increases, the launching angle muet increass to give maxi-
mm renge, since the flight-path angle decreasss continnously under con-
stant gravitational acceleration.
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The results shown in figure 15 indicate that the launching angle for
maximum range increasged with the time of power flight, since for a fixed
guantity of fuel with a given specific impnlge the time of power flight
will be inversely proportional to the initial thrust ratio. TFor the case
of the missile with liquld fuel the time of power flight was further in-
creased because of the greater specific impulse of the fuel which de-
creaged the rate of fuel consumption. Thus, the launching angle for maxi-
mum range in the case of the missile with liquid fuel was greater than
that for the migsile with solid fuel at corresponding initial thrust
ratios. '

Maximum altitude.- The maximum altitude which would be reached by the
mlsglle with each type of power plant and three initial thrust ratios is
shown as a function of launching angle in Ffigure 16. The maximum altitude
attained decreesed rapidly as the launching angle was reduced from the
vertical.. This phenomenon was particulerly marked for the missile powerel
with liquld fuel and can be explained as an effect of the longer time of
power flight with the liquid fuel.

For the missile powered with solid fuel the maximum sltitude in-
creaged with increase of the initlel thrust ratio. This same result was
generally true for the misslle with liguid-fuel power ecxcept at launching
anglea near the vertical and an initlal thrust ratlo of 11,12. Here
the maximum altitude was attained with a lower value of the initisal
thrust ratio becavse of the large drag associated with the high initial
accelerations. '

The variation of the maximum sltitude attained (vertical firing) by
the mlgsile with initlal thrust ratio for each type of power plant is
ghown in filgure 17. These results indicate that an initial thrust ratilo
of 6.0 would give a maximum altitude for the missile with liquid-~fuel
povwer; whereas an initial thrust ratio of more than 11.0 wounld be required
for the missile with solid-fusel. The maximun altitude obtainable with
the missile powered with liquid fuel was 20.8 miles as compared to slight-
1y more than 8.7 miles for the missile with solid-fuel power.

It should be noted here that the results obtained for the missile
with liguid-fuel power would have been modified if fuel pumps lnstead of
presgure tanks had been used. The welght of fuel pumpe would increase
with inltial thrust ratio because of the grester quantity of fuel handled
per unit time. This would decrease the weight ratio for a fixed inltial

grose welght.
4

. Effects of Weight Ratio

Trajectorieg.- In order to study the effects of changing welght
ratlo on the performance of the migsile with normal drag the trajectories

Sl
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were calculated for solid-fuel power and the sams initisl thrust ratios
previously considered. However, the calculations were based on assumed
welght ratios of 2.0 and 2.5 with the missile assumed to have the same
external dimensions. The use of the same fuel (Monsanto) was assumed
throughout the calculstions.

The results of these calculations are given in figure 18 for a
launching angle of &0°, The trajectories for the different welght ratios
vere similar for each value of the initisl thrust ratio and departed pro-
gresglvely from a parabolic form as the launching angle was reduced.

Maximum raenge.- The results of the calculations of range as a func-
tion of launching angle for the different weilght ratios are summarized
in figure 19. (Note that the scale of range has been changed for each
weight ratio.) The meximum renge was increased approximately fourfold
for a two-thirds increase in welght ratio from 14.2 miles for a weight
ratio of 1.53 to 57.0 miles for a weight ratio of 2.50. The effect of
launching angle and initial thrust ratio on range at the higher weight
ratlos was substentially the seame as that found for the missile with a
welght ratio of 1.53. It should be pointed out, however, in figure 19(c)
that the maximum range did not occur at the highest value of the initial
thrust ratio (11.12) with a weight ratio of 2.50 but rather at a value
near 5.56. This fact indicates that the missile attained such & high
velocity in the dense lower atmosphers that a considerable portion of its
total ensrgy was expended in overcoming drag with a resulting decrease in

range.

Maximum altitude.- The results of altitude calculations for the mis-
glle with different welght ratios are summarized in figure 20. The max-
immm altitude attalned by the missile at different launching angles like-
wlse demonstrated a marked increase with increase of weight ratio for
launching sngles greater than 60°. For launching angles less than this
value, the increage in altitude was smzll because of the longer burning
time required for the higher weight ratios. The altitude attalned ves
generally greater with the high values of initisl thrust ratio than that
for the low values except at the nesrly vertical launching angles for
the miggile with a weight ratio of 2.50. Ae has been pointed out, this
was due to the large drag encountersd by the missile in the lower atmoc-
phere.

The altitudes attained by the missiles of different weight ratlos
launched vertically have been compared with the theoretical values which
missiles of the same specific impulse would attain with zero drag, es
determined from equation (21) of the appendix. These results, shown in
figure 21, indicete that there will be an incresge in the altitude at-
telined with increase of initial thrust ratio above the value of 1.0,
whether drag is consldered or not. However, continued increase of ini-
tial thrust ratio when drag is considered may result In a decrease of
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altitude beyond some maximum velus as was the case For the mlssile with a
welght ratio of 2.50. Also, the increease of maximum altitude with in-
crease of weight ratio does not pioceed as rapidly for the missile with
finite drug as would occur for the same missile with zero drag. The in-
crease in albtitude for a 63-percent increase in weight ratio was 324 per-
cent when drag was consildered; whereas the theory predicted a 3T72-percent
increase with zero. drag for an initial thrust ratio of 6.0.

CONCLUSIONS

Consideration of the missile &rag, initial thrust ratio (retio of
initial thrust to initial grose weight), anéd welght ratio (ratio of ini-
tial gross welght to weight after all fuel has burned) in the analysis of
the trajectories of a rocket-powered superaonic missile of the alrcraft-
interceptor type as determined for differsent launching angles indicated
the following: . . . . _

1. The rate of change of range and altitude would become increasing-
ly favorable with reduction of drag.

2. In general, there would be an optimum initial thrust ratio giving
meximm range or altitude; above this optimum value the range and altitude
would decrease because of the large amount of energy expended In overcom-
ing drag at low altitudes.

3. Increase of the welght ratio of the mlgsils, within the limits
investigated, would improve the range and altitude obtainable with fuel
of a given specific lmpulse.

Ameg Asronautical Laboratory,
National Advisory Committes for Aeronautics,
Moffett Field, Calif.
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APPENDIX

MISSITES WITHOUT DRAG

If the drag is neglected, equations (la) and (1b), when combined
with equation (4), become

W, - Kty @&°H
Tsine—(WO-Kt)—<-9-——>—=0 (8a)
8 a2
T cog 6 - (W sy 91_2_1( =0 (8b)
g at2

A solution hes not been found for these equations except for the case of
a rocket fired vertically where equation (8b) vanishes and (8a) becames

Wo - Kb\ 4°H
T-(Wo-K'b)-<—o——g——> ;b-é:o (9)

Integration of equation (9) for the missile starting from rest at
sea level with a comstant thrust instanteneously applied ylelds, for the
vertical veloclity,



16 ¢

R DE) RIAAR

WO
at K~ Wo - Kt

4B _ vy = & 31y - gt

Integration of equation {10) to determine the altitude gives

Wo W W 1
=& ( - - 210 2 4 i) t - 5 gt?
Wo - K& Kb Wo - Kt

At the end of the power flight

W..I
fom by = Lo
T

Introducing the weight ratio,
W

" Wo - Wp

and the initial thrust-weight ratio,
glves

Bquatione (10) and (11) becoms, respectively,

wea o O]

w302 D B O]

and

NACA FM No. 6G22

(10)

3(il)

(12)

(13)

(1h)

(15)

(16)
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Equation (2a) for the missile without drag becomes

8+€£‘;—=‘0 (17)

Integrating equation (l7) twice with t; &s the lower limit and t©
as the upper limit yields

BB+ Wy (b-t) - 58 (5- )3 (18)

which is the total altitude the migsile would atbain.

Differentiating eguation (18) with respect to time to obtain a max-
imam indicates that such will occur when

_ V3
t - by - (19)
or
V.2
Hppxy = Hy + — (20)
2g

Substituting the velues of V; and H; from equations (15) and (16)
gives for the meximm altitude

I a2 2 1
E.ma.x-g'g[(m)"'é(l-m-i)] (21)
which may be written
2
Hmax = = (t) (22)
where
= 2,20 . -t
¢ = (1n)) +B(1 1 - 2 (23)

Values of { for welght ratios of 1.5 to 10.0 and initial thrust ratios
of 1.0 to 10,0 are glven in figure 22. .
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FrGURE 8. - VARIATION OF 7HE FACTOR & WITH INITIAL THRUST
RATIO FOR SEVERAL VALUES OF THE WEIGHT RATIO.
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